We calculate exponential growth constants φ and σ describing the asymptotic behavior of spanning forests and connected spanning subgraphs on strip graphs, with arbitrarily great length, of several two-dimensional lattices, including square, triangular, honeycomb, and certain heteropolygonal Archimedean lattices. By studying the limiting values as the strip widths get large, we infer lower and upper bounds on these exponential growth constants for the respective infinite lattices. Since our lower and upper bounds are quite close to each other, we can infer very accurate approximate values for these exponential growth constants, with fractional uncertainties ranging from O(10 −4 ) to O(10 −2 ). We show that φ and σ, are monotonically increasing functions of vertex degree for these lattices.
I. INTRODUCTION
Let G = (V, E) be a graph defined by its vertex and edge sets V and E. Let n(G) = |V |, e(G) = |E|, and k(G) denote the number of vertices (=sites), edges (= bonds), and connected components of G, respectively. The degree ∆ of a vertex v ∈ V is the number of edges that are incident on v. A graph with the property that all vertices have the same degree is denoted a ∆-regular graph. A subgraph of G is defined as a graph with vertex and edge sets that are subsets of V and E. For a given G, it is of interest to enumerate the number of subgraphs of a specific type. A spanning subgraph is defined as a subgraph that contains all of the vertices of G and a subset of the edges of G. In the construction of a spanning subgraph there is a two-fold choice for each edge of G, namely whether it is present or absent, so the number of spanning subgraphs of G is N SSG (G) = 2 e(G) . We shall restrict here to initial graphs G that are connected and do not have any loops, i.e., edges that emerge from a given vertex, loop back, and reconnect to this vertex. Because our focus here is on regular lattice graphs and their n → ∞ limits, we shall also restrict to graphs that do not have multiple edges connecting adjacent vertices. In general, a spanning subgraph may contain cycles, i.e., paths along edges of the subgraph that are circuits. Spanning forests on G (abbreviated as SF) are defined as spanning subgraphs of G that do not contain any cycles. Note that a spanning forest may consist of more than one connected component, i.e., are not connected. We denote the number of spanning forests of a graph G as N SF (G). A second set of subgraphs of G is comprised of connected spanning subgraphs (abbreviated as CSSG). We denote the number of these connected spanning subgraphs as N CSSG (G) and observe that a member of this set may contain cycles.
The numbers of spanning forests and connected spanning subgraphs in a graph G can be calculated as special valuations of the Tutte (also called Tutte-Whitney) polynomial of G, T (G, x, y), defined as
where G ′ is a spanning subgraph of G and c(G ′ ) denotes the number of (linearly independent) cycles on G ′ [1-3]. Recall that we take k(G) = 1. As is evident directly from the definition (1.1), the number of spanning forests in G is N SF (G) = T (G, 2, 1) (1.2) and the number of connected spanning subgraphs in G is N CSSG (G) = T (G, 1, 2) .
(1.
3)
The Tutte polynomial is equivalent to the Whitney rank polynomial [4] and to the Potts model partition function (see Appendix A). An interesting problem in graph theory is to calculate the asymptotic behavior of N SF (G) and N CSSG (G) as n(G) → ∞ for some families of graphs. For a wide class of families of graphs, N SF (G) and N CSSG (G) grow exponentially rapidly as functions of n(G) for large n(G). This is true, in particular, for lattice graphs. It is thus natural to define exponential growth constants describing this asymptotic behavior: where the symbol {G} denotes the n(G) → ∞ limit of graphs in a given family. Two simple examples of families of graphs for which one has exact expressions for T (G, x, y) and hence exact values of φ and σ are n-vertex tree graphs, T n , and circuit graphs, C n , for which T (T n , x, y) = x n−1 and T (C n , x, y) = y + n−1 j=1 x j . Hence, in the n → ∞ limits of the T n and C n graphs, φ = 2 and σ = 1. However, the problem of calculating φ(Λ) and σ(Λ) on infinite lattices Λ with dimension 2 or higher is open.
In this paper we present exact calculations of these exponential growth constants for spanning forests and connected spanning subgraphs on strips, with fixed width and length going to infinity, of several types of two-dimensional lattices, including square, triangular, honeycomb, and certain heteropolygonal Archimedean lattices. By calculating the limiting values of the exponential growth constants as functions of strip width for infinite-length strips, we infer lower and upper bounds on these exponential growth constants for the respective infinite lattices, denoted generically as Λ. Our lower and upper bounds are quite close to each other, which enables us to infer very accurate approximate values for these exponential growth constants, with fractional uncertainties ranging from ∼ O(10 −4 ) to ∼ O(10 −2 ). We show that φ and σ, are monotonically increasing functions of vertex degree for these lattices. Our methods of obtaining lower and upper bounds on φ(Λ) and σ(Λ) are similar to those that we have used in our earlier works [5]- [7] in which we inferred lower and upper bounds on the exponential growth constants for acyclic orientations, acyclic orientations with a unique source, and totally cyclic orientations of directed graphs. Our results make interesting connections between statistical physics and mathematical graph theory, since the Tutte polynomial is equivalent to the partition function of a classical spin model, namely the Potts model.
Previous studies have focused on lower and upper bounds on φ on the square and/or triangular lattices [8] - [12] . After the early work [8] , Ref. [9] obtained the lower and upper bounds (given, respectively, in Theorem 6.15 and Corollary 5.4 of [9] ) 3.64497565 ≤ φ(sq) ≤ 3.74100178 .
(1.6)
Ref. [ [10] ). Our results in this paper include an improvement of the upper bound to φ(tri) ≤ 5.494840. As noted, we also infer lower and upper bounds on φ(Λ) for a number of other planar lattices, as well as lower and upper bounds on σ(Λ) for these lattices. Our analysis is thus complementary to earlier work on φ(Λ) in that, by studying a substantial variety of Archimedean lattices with widely differing vertex degrees ranging from 3 to 6, we are able to infer the interesting monotonicity relation given below in Eq. (4.2) for φ(Λ). The exponential growth constants σ(Λ) for connected spanning subgraphs on lattices Λ do not seem to have received as much attention as φ(Λ) for spanning forests. Here again, by obtaining lower and upper bounds, and resultant approximate values of σ(Λ) on a variety of Archimedean lattices, we are able to discern the monotonicity relation (4.2) for σ(Λ). For a given lattice Λ, our upper bounds on φ(Λ) and σ(Λ) approach respective limiting values more rapidly than our lower bounds, so we infer that the exact values of these exponential growth constants are closer to our upper bounds. This was also the case with our earlier calculations of bounds on exponential growth constants for acyclic orientations, acyclic orientations with a unique source, and totally cyclic orientations for directed lattices in Refs. [6, 7] . This paper is organized as follows. In Section II we discuss our methods for inferring lower and upper bounds on the exponential growth constants φ(Λ) and σ(Λ) for infinite lattices Λ from calculations on infinite-length strip graphs of varying widths. In Sections III and IV we present our results on these lower and upper bounds for φ(Λ) and σ(Λ) and approximate values of these exponential growth constants for various lattices Λ. Our conclusions are given in Section V. Some graph theory background is included in Appendix A.
II. CALCULATIONAL METHODS
In this section we explain a method that we use to infer lower and upper bounds on the exponential growth constants φ(Λ) and σ(Λ). Our method is the same as the one that we have used in previous work [5-7] to infer lower and upper bounds on exponential growth constants for other graph-theoretic quantities, such as acyclic orientations, α(Λ), acyclic orientations with a unique source vertex, α 0 (Λ), and totally cyclic orientations, β(Λ), of directed graphs, and so we refer the reader to these previous works for further details.
We consider a family of strip graphs of a given type of lattice Λ (square, triangular, honeycomb, etc.) of fixed transverse width L y and arbitrarily great length L x with certain boundary conditions. As indicated, the longitudinal and transverse directions on the strip are taken to be in the x and y directions, respectively. (No confusion should result in the use of the symbols x and y as arguments of the Tutte polynomial T (G, x, y); the context will always make the meaning clear.) This is a recursive family, in the sense of Ref. [13] .
We shall indicate the infinite-length limit of a width-L y strip graph of the lattice Λ with specified transverse boundary conditions as {Λ, (L y ) BCy × ∞}. We make use of a property of the Tutte polynomials for a strip graph of this type, namely that it is a sum of certain coefficients multiplied by powers of various functions, generically denoted λ, depending on Λ, L y , and the boundary conditions, but not on L x . The powers to which these λ functions are raised are given by the length, L x , of the strip. As L x → ∞, the λ function with the largest magnitude dominates the sum. Henceforth, we will denote this simply as λ for a given strip. From our calculations of Tutte polynomials for strip graphs of various lattices, we know this dominant λ function in each case. Some of our calculations are in [5], [14] - [24] ; some others are listed in [25] . Thus, for the infinite-length limit of a given finite-width strip of some lattice Λ, to calculate φ or σ, we only need this dominant λ function. This is a significant simplification, since for a general graph, the calculation of the Tutte polynomials T (G, 1, 2) and T (G, 2, 1) are #P hard [26, 27] . This λ function, and hence the results for φ and σ, are independent of the boundary condition (free, periodic, or Möbius) in the longitudinal direction, but do depend on the boundary condition in the transverse direction, denoted BC y . We therefore denote the results as φ(Λ, (L y ) BCy × ∞) and σ(Λ, (L y ) BCy × ∞). These are given by the following limits:
where the arguments (2, 1) and (1, 2) are the arguments of the respective Tutte polynomial; c Λ is a constant depending on Λ, with c sq = c tri = 1, c hc = 2, etc.; and for brevity of notation, we set n(G) ≡ n.
Next, for each type of lattice Λ, we study the dependence of the exponential growth constants for the finite-width, infinite-length strips, φ(Λ, (L y ) BCy × ∞) and σ(Λ, (L y ) BCy × ∞), on the strip width. For both types of transverse boundary conditions (free and periodic) and for all lattices Λ considered here, we show that these are monotonically increasing functions of the strip width. This provides strong support for the inference that these are lower bounds on the respective exponential growth constants φ(Λ) and σ(Λ) the infinite lattices Λ. Furthermore, a consequence of this monotonicity property is that, for a given transverse boundary condition BC y , the values of φ(Λ, (L y ) BCy × ∞) and σ(Λ, (L y ) BCy × ∞) on the strip with the greatest width are the best lower bounds, for this set of transverse boundary conditions, on the respective values of φ(Λ) and σ(Λ). Since for the periodic (P) transverse boundary conditions the strips have no transverse boundary, one expects that these would yield the best lower bounds, and our results are in accord with this expectation. Thus, for the infinite lattice Λ, we infer
A measure of the rapidity with which the values of φ and σ on finite-width, infinite-length strips of a lattice Λ approach their infinite-width limits is provided by the ratio of values of each respective exponential growth constant on strips of width L y and L y − 1. We denote this ratio as
As will be evident from our results for various lattices, even for modest values of the strip widths, these ratios approach very close to unity, showing the rapid approach to the L y → ∞ limit. We proceed to discuss upper bounds on these exponential growth constants φ and σ. Our analysis here is similar to our earlier analyses in [5]- [7] for the other set of exponential growth constants α, α 0 , and β. We first prove a useful inequality. For this purpose, we begin by considering lattice strip graphs with width L y = 2 p for some (positive) integer power p. This inequality applies to a generic exponential growth constant denoted ξ for the Tutte polynomial of a family of lattice strip graphs for x ≥ 0 and y ≥ 0, where ξ is defined as
(2.5)
For our applications here, ξ = φ with (x, y) = (2, 1) or ξ = σ with (x, y) = (1, 2). If an edge e ∈ E is not a loop or a bridge (see Appendix A for definitions), then the Tutte polynomial satisfies the deletion-contraction relation
where G − e denotes G with the edge e deleted and G/e is the result of deleting the edge e from G and identifying the vertices that had been connected by this edge. Applying this deletion-contraction relation repeatedly yields a set of inequalities for the dominant λ function for the two cases of interest here, (x, y) = (2, 1) and (x, y) = (1, 2). If one compares the Tutte polynomial for an 4 × L x strip graph with the Tutte polynomial for a (disconnected) graph consisting of two copies of an 2 × L x strip, then the former has L x more edges, whose deletion produces the the latter two graphs. By iterative application of the deletion-contraction theorem, one can then relate the free strip of width L y to the graph consisting of two free strips each of width L y /2. Henceforth, for definiteness, we specialize to strips of the square lattice (and use the symbol "F" for free transverse boundary conditions). With appropriate changes, our results apply to strips of other lattices also. We then have the series of inequalities, for (x, y) = (2, 1) or (x, y) = (1, 2):
Let us focus on one of these inequalities,
The others can be treated in a similar manner. Here and below, it is understood that (x, y) = (2, 1) for φ or (x, y) = (1, 2) for σ. Since [λ sq,2,F (x, y)] Lx is the dominant λ function for the 2 × L x strip, it determines the corresponding φ or σ in the limit of infinite strip length, while [λ sq,4,F (x, y)] Lx similarly gives the φ or σ function for infinite-length limit of the the 4 × L x strip. Now compare two L y = 2 strips with a L y = 4 strip. The former strips have L x fewer edges than the latter, so the Tutte polynomial of the former is smaller than that of the latter, since the coefficients of the Tutte polynomial (in terms of variables x and y) are positive.
This completes the proof of the inequality. By the same type of argument, it follows, for example, that
where here L y = 3 · 2 s , where s is a non-negative integer. Other corresponding inequalities with larger values of L y follow in the same way. By a similar argument, one can prove that, with (x, y) = (2, 1) or (x, y) = (1, 2), λ sq,Ly,F (x, y) ≤ λ sq,Ly,P (x, y) .
(2.9)
Now recall the sequence of inequalities (2.7). The limit as L y → ∞ yields the value of the exponential growth constant on the infinite square lattice. Now
(2.12)
From our explicit calculation, we find that
This leads us to infer that the ratio λ sq,Ly+1,F (x, y)/λ sq,Ly,F (x, y) serves as an upper bound for φ(sq) if (x, y) = (2, 1) and for σ(sq) if (x, y) = (1, 2). We thus infer the inequalities
and
A useful measure of the approach to the L y → ∞ limit is provided by the ratio of upper bounds for adjacent values of L y , namely
.
(2.16) This is the ratio of adjacent upper bounds. As our explicit calculations show, this ratio rapidly approaches unity (from above) as the strip width L y increases.
Applying the analogous arguments for other lattices, we infer the inequalities corresponding to (2.14) and (2.15) for these other lattices. The ratio of adjacent upper bounds analogous to (2.16) provides a quantitative measure of the rapidity of approach to a limit for these other lattices, as for the square lattice.
III. NUMERICAL VALUES OF LOWER AND UPPER BOUNDS FOR φ(Λ) AND σ(Λ)
In this section we present our results for numerical values of lower and upper bounds for φ(Λ) on various two-dimensional lattices Λ. For a given lattice Λ, we denote our lower (ℓ) and upper (u) bounds as ξ ℓ (Λ) and ξ u (Λ), where ξ = φ or σ. With our method, we obtain the lower bounds from strips with periodic transverse boundary conditions and the upper bounds from strips with free boundary conditions.
We recall that an Archimedean lattice is defined as a uniform tiling of the plane with one or more types of regular polygons, such that all vertices are equivalent, and hence is ∆-regular. In general, an Archimedean lattice Λ is identified by the ordered sequence of regular polygons traversed in a circuit around any vertex [28, 29] :
where the i'th polygon has p i sides and appears a i times contiguously in the sequence (it can also occur non-contiguously). As in [29] , we denote the sum of the numbers a i in the product (3.1) as a i,s . Of the eleven Archimedean lattices, three are homopolygonal (i.e. each is comprised of only type of regular polygon), namely the square (sq), triangular (tri), and honeycomb (hc) lattices. For a homopolygonal Archimedean lattice composed of p-gons, the right-hand side of Eq. (3.1) has the simple form (p ∆ ), where, as above, ∆ is the vertex degree (i.e., lattice coordination number). Thus, in this notation, the square, triangular, and honeycomb lattices are denoted (4 4 ), (3 6 ), and (6 3 ). The other Archimedean lattices are comprised of more than one type of regular polygon and hence are termed heteropolygonal.
The heteropolygonal Archimedean lattices that we will consider here are (4 · 8 2 ), (3 · 6 · 3 · 6), also known as kagomé (kag), (3 3 · 4 2 ), and (3 2 · 4 · 3 · 4).
In Tables I-XIV and XV-XXVIII we present our results on lower and upper bounds on φ(Λ) and σ(Λ) and relevant ratios for the finite-width, infinite-length strips of the various lattices Λ. We include results for both free and periodic transverse boundary conditions on these finite-width, infinite-length strips. In Table XXIX we summarize the best lower and upper bounds that we have obtained for these lattices. To our knowledge, these are the best current lower and upper bounds on φ(Λ) for the hc, (4 · 8 2 ), (3 · 6 · 3 · 6) (kag), (3 3 · 4 2 ), and (3 2 · 4 · 3 · 4) lattices and the best upper bounds on φ(sq) and φ(tri). As noted, we are not aware of previous published bounds on σ(Λ) for these Archimedean lattices.
There are several important features of our bounds. First, for each type of lattice, the lists of ratios of adjacent lower bounds and of adjacent upper bounds, as functions of strip width L y show that the lower bounds and the upper bounds rapidly approach a limiting value. Second, the upper and lower bounds are very close to each other. The average of the upper and lower bounds for a given exponential growth constant ξ(Λ) is
The difference between the average and the upper or lower bound is
These fractional differences (3.4) are very small, typically varying from O(10 −4 ) to O(10 −2 ). This is in excellent agreement with the observed rapid approach of each of these bounds to a limiting value and consistent with the inference that, in the L y → ∞ limit, this is a common value, describing the exponential growth constant on the infinite two-dimensional lattice. Third, for a given lattice Λ and exponential growth constant φ(Λ) or σ(Λ), the upper bounds approach a limit more rapidly than the lower bounds, leading one to infer that the actual value on the infinite lattice is closer to the upper bound than to the lower bound. For example, for the (4 · 8 2 ) lattice, the ratio of adjacent upper bounds R tri, L 2 y (Ly −1)(Ly +1) ,F
(2, 1) for the greatest widths in Table VIII is extremely close to 1, being only 1.6×10 −7 greater than 1, while the corresponding ratio of lower bounds is approximately 1×10 −3 above 1. Fourth, our numerical results are in agreement with the three exact duality relations φ(sq) = σ(sq) in Eq. (A10), φ(hc) = [σ(tri)] 1/2 in Eq. (A11), and σ(hc) = [φ(tri)] 1/2 in Eq. (A12) for the infinite lattices. Accordingly, we have made use of these duality relations in Table XXIX . Specifically, we have used our upper bound on φ(sq), namely φ u (sq) = 3.699659, as an improvement on the upper bound σ u (sq) = 3.751149 obtained directly from the infinite-length, finite-width strips. Further, we have used the duality relation σ(hc) = [φ(tri)] 1/2 together with our upper bound on φ(tri), namely φ u (tri) = 5.494840085, to compute an upper bound σ u (hc) = 2.3441075, which is more stringent than the upper bound σ u (hc) = 2.3601982 obtained directly from infinite-length, finite-width strips of the honeycomb lattice. Similarly, from duality, we obtain a lower limit φ ℓ (tri) = 5.39333314, which is more stringent than the lower bound φ ℓ (tri) = 5.3848542 obtained directly from the analysis of strips of the triangular lattice. Moreover, [φ ℓ (hc)] 2 = 7.861223392 and [φ u (hc)] 2 = 7.866798814, which are better lower and upper bounds than the respective values σ ℓ (tri) = 7.859929 and σ u (tri) = 7.933005 obtained directly from the analysis of infinite-length, finite-width strips of the triangular lattice. We thus use these improved limits in Table XXIX . An important fourth feature of our results will be presented as the relation (4.2) in the next section.
IV. APPROXIMATE VALUES OF φ(Λ) AND σ(Λ)
Since the fractional differences (3.4) are so small, we can infer very accurate approximate values ξ app (Λ) for these exponential growth constants on the given lattices. A simple way to do this is use the averages, ξ ave (Λ) together with the differences δ ξ(Λ) as a measure of the uncertainty:
This is the procedure that we used in Refs. [6, 7] for certain exponential growth constants describing acyclic and cyclic orientations of edge arrows on directed lattice graphs. We list these approximate values in Table XXX . More complicated analytical methods could also be applied, but this simple procedure is sufficient as a basis for one of our most important results, namely that we find that, for all of that lattices considered here, φ(Λ) and σ(Λ) are monotonically increasing functions of ∆, (4.2)
where ∆ is the vertex degree (i.e., coordination number in physics terminology) of the lattice Λ. If we write this ∆ dependence as an empirical power law, then we find, roughly, that φ(Λ) ∼ 3.7(∆/4) while σ(Λ) ∼ 3.7(∆/4) 1. 8 . By fitting our upper and lower bounds on the exponential growth constants for infinite-length, finite-width strips to some assumed functional forms for the approach to the infinite-width limit (as in [10] for φ(sq) and φ(tri)), we could infer corresponding estimates for the values for the exponential growth constants, but this is not necessary for our monotonicity result (4.2). The dependences of φ(Λ) and σ(Λ) on ∆ that we have found may be compared and contrasted with the ∆-dependence of the exponential growth constant for the total number of spanning subgraphs of a lattice Λ, N SSG (G) = 2 e(G) . Since e(G) = n∆/2 for a ∆-regular lattice graph G, it follows that for such graphs lim n(G)→∞
This is again a monotonically increasing function of ∆, and the property that the right-hand side of Eq. (4.3) increases more rapidly than a power law as a function of ∆ is consistent with the fact that the numbers of spanning forests and connected spanning subgraphs are subsets of the total number of spanning subgraphs. Another interesting property that we find is that for the homopolygonal lattices Λ = (p ∆ ), the relation p > ∆ ⇐⇒ φ(Λ) > σ(Λ) holds. We recall that the case p = ∆ = 4 is realized for the square lattice, the self duality of which implies that φ(sq) = σ(sq). Given the connection between ∆ and p for the homopolygonal Archimedean lattices, this relation is implied by our monotonicity result (4.2), but it is of interest in its own right.
The analogous relations also hold for exponential growth constants that we calculated in Refs. [6, 7] . Recall that the number of acyclic orientations and totally cyclic orientations of a directed graph G are given by T (G, 2, 0) and T (G, 0, 2), respectively, with the corresponding exponential growth constants As we noted in [6, 7] , we found that for the Archimedean lattices that we considered there, α(Λ) and β(Λ) are monotonically increasing functions of ∆ .
(4.6) Furthermore, the relation p > ∆ ⇐⇒ α(Λ) > β(Λ) holds for the homopolygonal Archimedean lattices, and the self-duality of the square lattice yields the relation α(sq) = β(sq).
V. CONCLUSIONS
In this paper we have calculated the exponential growth constants φ and σ describing the asymptotic growth of the numbers of spanning forests and of connected spanning subgraphs, respectively, for finite-width, infinite-length strips of several different two-dimensional lattices Λ. From our calculations, we have inferred lower and upper bounds on these exponential growth constants φ(Λ) and σ(Λ) for the respective infinite lattices Λ. Our bounds from calculations on infinite-length, finite-width lattice strips converge rapidly even for modest values of strip widths. Since our lower and upper bounds are quite close to each other, we can infer obtain quite accurate approximate values for these exponential growth constants. Our results show that φ(Λ) and σ(Λ) are monotonically increasing functions of vertex degree for these lattices. An interesting aspect of our work is the connection that is makes between statistical mechanics and mathematical graph theory, reflecting the fact the Tutte polynomial is equivalent to the partition function of a classical spin model, namely the Potts model.
In this appendix we include some graph theory background relevant for our analysis in the paper (for further details, see, e.g., [1] ). As in the text, let G = (V, E) be a graph defined by its vertex and edge sets V and E. Let n(G) = |V |, e(G) = |E|, and k(G) denote the number of vertices (=sites), edges (= bonds), and connected components of G. We restrict to connected G. A loop is defined as an edge that connects a vertex to itself, and a bridge (co-loop) is defined as an edge that has the property that if it is deleted, then this increases the number of components in the resultant graph, relative to the number of components in the initial graph that contained the bridge. As noted in the text, since our primary application is to regular lattices, we restrict to graphs G without loops. A spanning subgraph of G, denoted G ′ , is a graph with the same vertex set V and a subset of the edge set E, i.e.,
(1.1) in the text. The numbers of spanning forests and connected spanning subgraphs in G, denoted N SF (G) and N CSSB (G) respectively, are valuations of T (G, x, y) given by Eqs. (1.2) and (1.3) . The corresponding exponential growth constants describing the asymptotic behavior of N SF (G) and N CSSG (G) are given in Eqs. (1.4) and (1.5). From the definition (1.1), it is clear that T (G, x, y) is a polynomial in the two variables x and y, so one can write it as
where the t ij can be determined from (1.1). A basic property of T (G, x, y) that we use in the text is that the nonzero t ij are positive (integers) [1, 2]. Let G pl be a planar graph. Recall that the planar dual, G * pl , of G pl is defined by a 1-1 correspondence between the vertices (resp. faces) of G pl and the faces (resp. vertices) of G * pl . The Tutte polynomial satisfies the duality relation
It follows from this duality relation (A2) and the relations (1.2) and (1.3) that
Let us denote the number of faces of a planar graph G pl as f (G pl ) and recall the Euler relation for a planar graph G pl ,
From the duality relation, it follows that n(G * pl ) = f (G pl ). For ∆-regular graphs G,
For a ∆-regular planar graph G pl we define the ratio
where we have used Eq. (A5) in the last equality in (A6). Note that
(A7)
Specifically, ν(sq) = 1 and ν(tri) = 1/ν(hc) = 2. The results ν(sq) = 1 and that ν(tri) = 1/ν(hc) follow from property that the square lattice is self-dual and the triangular and honeycomb lattices are planar duals of each other. From Eq. (A3), it follows that if a planar graph is self-dual, indicated as G pl.,sd. , then
and hence φ({G pl.,sd. }) = σ({G pl.,sd. }) .
In particular, since the square lattice is planar and self-dual, we have
so that the lower and upper bounds that we infer below for φ(sq) also hold for σ(sq). For the triangular and honeycomb lattices, we obtain the relations φ(hc) = [σ(tri)] ν(hc) = [σ(tri)] 1/2 (A11) and
The Tutte polynomial is equivalent to the Whitney rank polynomial [4],
where G ′ is a spanning subgraph of G and c(G ′ ) is the number of (linearly independent) circuits on G ′ . Recall that c(G ′ ) = e(G ′ ) + k(G ′ ) − n(G ′ ) and n(G ′ ) = n(G). The equivalence is given by
where
(The variable ξ in Eqs. (A14) and (A15) should not be confused with the symbol used for the generic exponential growth constant in Eq. (2.3) .) The Tutte polynomial of a graph G is also equivalent to a function of interest in statistical physics, namely the Potts model partition function, denoted Z(G, q, v), which may be expressed as [31] :
where again, G ′ is a spanning subgraph of G. The equivalence is given by
so that q = (x − 1)(y − 1). Thus, one also has the equivalence
where L y vertices and free (F) or periodic (P) transverse boundary conditions, BC y . The infinite-length strip of a lattice Λ with width L y and given transverse boundary conditions is denoted Λ, (L y ) BCy × ∞; here, Λ = sq.
As discussed in the text, φ(sq, (L y ) BCy × ∞) = [λ sq,(Ly)BC y (2, 1)] 1/Ly , and these values are inferred to be lower bounds on φ(sq), with the values for periodic BC y and the maximal L y being the most restrictive. As defined in Eq. (2.4), R φ,sq,BCy, Ly
Here and in subsequent tables, a blank entry means that the evaluation is not applicable. 8 2 ) ) and their ratios, as functions of strip width L y .
(L y + 1)/L y λ (4.8 2 ),Ly+1,F (2, 1)/λ (4.8 2 ),Ly,F (2, 1) · 4 2 )) and their ratios, as functions of strip width L y . One can define different paths transverse to the longitudinal direction on a strip of this lattice (see Fig. 1 (a) in [30] ). We list results for both choices. (L y + 1)/L y λ (4.8 2 ),Ly+1,F (1, 2)/λ (4.8 2 ),Ly,F (1, 2) (3 · 6 · 3 · 6) 4 3.602 ± 0.012 3.74 ± 0.10
(3 3 · 4 2 ) 5 4.530 ± 0.024 5.486 ± 0.041
(3 2 · 4 · 3 · 4) 5 4.503 ± 0.065 5.465 ± 0.058 (3 6 ) = tri 6 5.444 ± 0.051 7.864 ± 0.0028
